An interesting description of a collinear configuration of four particles is found in terms of two spherical coordinates. An algorithm to compute the four coordinates of particles of a collinear Four-Body central configuration is presented by using an orthocentric tetrahedron, which edge lengths are function of given masses. Each mass is placed at the corresponding vertex of the tetrahedron. The center of mass (and orthocenter) of the tetrahedron is at the origin of coordinates. The initial position of the tetrahedron is placed with two pairs of vertices each in a coordinate plan, the lines joining any pair of them parallel to a coordinate axis, the center of masses of each and the center of mass of the four on one coordinate axis. From this original position the tetrahedron is rotated by two angles around the center of mass until the direction of configuration coincides with one axis of coordinates. The four coordinates of the vertices of the tetrahedron along this direction determine the central configuration by finding the two angles corresponding to it. The twelve possible configurations predicted by Moulton's theorem are computed for a particular mass choice.
Introduction
The main purpose of this paper is the efficient computation of the collinear central configurations corresponding to a given choice of four masses. A general introduction to the subject of central configurations is the Saari's book [1] . The collinear four body central configurations is a particular case of the general collinear N-Body central configurations studied by Moulton [2] . He determines one half of N ! classes of different collinear configurations of N particles, and a formal construction of each by a long-time consuming iterated algorithm. The only three-dimensional Four-Body central configuration is an equilateral tetrahedron found by Lehmann-Filhés [3] . An algorithm to compute the non-collinear Four-Body planar central configurations was distributed in the web [4] . The collinear Four-Body central configurations are now considered in this paper using again the coordinate system published in reference [5] . This set of coordinates seem to be very useful for the study of these problems.
We have computed previously central configurations of the FourBody Problem for the three-dimensional and the planar non-collinear cases in [5] , [6] , and [4] . It is natural to consider at present the collinear case that was previously ignored. The new four-body coordinates is again the tool to attain the task [5] . That coordinate system for collinear problems is so much simplified that the first action is to present that reduction in the number of coordinates.
The masses of the four particles m 1 , m 2 , m 3 and m 4 are positive, generally different, but the values could be repeated. An Euclidean inertial system of coordinates is the frame to determine the position coordinates of the four particles with the center of mass of them at the origin of coordinates. Then with no loss of generality the four particle positions are function of nine generalized coordinates, which for the collinear case reduce to only four coordinates. Starting from the general case, the Euclidean coordinate system is transformed to the frame of principal axes of inertia [7] by means of a three dimensional rotation G parameterized by three independent coordinates. Three more coordinates are introduced, as scale factors R 1 , R 2 , R 3 , which are three directed distances closely related to the three principal inertia moments through
where µ is the mass
With the first rotation and the change of scale the resulting fourbody configuration has a moment of inertia tensor with the three principal moments of inertia equal. A second rotation G ′ does not change this property.
The cartesian coordinates of the four particles, with the center of gravity at the origin, written in terms of the new coordinates are
where G and G ′ are two rotation matrices, each one a function of three independent coordinates such as the Euler angles, and where the column elements of the constant matrix
are the coordinates of the four vertices of a rigid orthocentric tetrahedron, with the center of mass at the origin of coordinates, namely:
We used the following notation for the matrix
An equivalent condition in order to have three equal inertia moments for the rigid tetrahedron is expressed as
An orthocentric tetrahedron has the property that the perpendicular lines to the faces trough the four vertices intersect at the same point. Orthocentric tetrahedra were considered by Lagrange in 1773 [8] . Other old references on orthocentric tetrahedra are found in a paper by Court [9] , he calls them orthocentric and orthogonal. Placing the four masses at the corresponding vertices, the intersection point is actually the center of mass of the four masses, and the moment of inertia tensor of the four particles has the same principal value in any direction. Equation (7) imply that the inertia tensor of the rigid tetrahedron is proportional by a factor 2µ to the unit matrix.
The proof of these properties is found in reference [5] , where we use the notation m = m 1 + m 2 + m 3 + m 4 for the total mass of the system. It was shown that the position vector of one vertex is orthogonal to the three vectors between two vertices of the opposite face (to the position vector of the vertex.) The square of the distance between two vertices is given by
This last is the condition to have a moment of inertia tensor with the same three principal moments of inertia. The six edges of the tetrahedron should be equal (for an arbitrary µ) to the square root of the right-hand side of this equation. The volume of this tetrahedron is equal to 1/6 if µ is selected as above.
A different important coordinate system to fix the origin for measuring the G ′ rotation is presented in this preprint. Two other coordinate systems were presented in references [4] and [5] . In this paper the original position of the orthocentric tetrahedron is chosen with two pairs of particles each in a coordinate plan, the line joining two of them orthogonal to a coordinate axis, the center of masses of each and the center of mass of the four coinciding with one coordinate axis. More explicitly particle 1 has the coordinates
Particle 2 has the coordinates
Particle 3 has the coordinates
Particle 4 has the coordinates
This rigid tetrahedron is the generalization of the rigid triangle of the Three-Body problem with the center of mass at the orthocenter discussed previously in [10] . The same triangle was used with different purposes by C. Simó [11] .
Assuming the four particles move on a straight line, Moulton [2] finds the motion of the line is in a constant plane. The number of Euclidean coordinates changes from twelve to eight. The first rotation around the center of mass is a function of one angle ψ that rotate the line from its position in the Euclidean plane to the one dimensional line where the relative positions move. The three scales R i are reduced to one scale R 1 = R. The other two scales of the general system are zero: R 2 = R 3 = 0. The matrix of scales become proportional to the projector along the direction (1, 0, 0). The second rotation G ′ lost the angle around the last straight line direction, and therefore it is a function of two angles θ, φ, the angles which are obtained rotating from the original position of the tetrahedron to the position where the third coordinate coincides with the scaled coordinate along the straight line, namely
where G ′ is parameterized by
This is also expressed as
These are the coordinates along the collinear direction where the projection of the orthocentric tetrahedron is performed. They obey the normalization
which is a consequence of equation (7). The hemisphere of the two coordinates θ and φ is sectioned in twelve disjoint spherical triangles separated by the six main circles in the intersection of the sphere with the planes touching the orthocenter and orthogonal to the edges of the orthocentric tetrahedron. Each of these circles is the geometric set where two coordinates r i have the same value. On both sides of these circles the two corresponding coordinates obey a different inequality. Each spherical triangle is the set of points with a different permutation of the size of the four coordinates r i . See figure 1 to illustrate these properties.
Equations of Motion
I assume for simplicity that the potential energy is given by the Newton potential (the gravitational constant is equal to 1) although our results may be generalized for any potential with a given power law of the relative distances between particles R |r i − r j |. I also computed the kinetic energy as a function of the new coordinates, which is given by
whereψ is the angular velocity of the first rotation, and (Ω 1 , Ω 2 , Ω 3 ) = (φ cos θ, −φ sin θ,θ) is the corresponding angular velocity vector of the second rotation.
The equations of motion follow from the Lagrange equations derived from the Lagrangian T − V as presented in any standard text on Mechanics [7] , [12] .
However, the ψ coordinate related to the first rotation produces conservation of the angular momentum vector in the inertial system
where P ψ is the numerical value of the conserved angular momentum. The Lagrangian equation of motion for the scale coordinate is
The Lagrangian equations of motion for the two coordinates associated with the second rotation are
There is one more constant of motion, namely the total energy
Writing the kinetic energy in terms of the angular momentum constant of motion instead of theψ velocity lead us to
The energy conservation is thus expressed as
where V represents the potential energy.
Central configurations
The collinear central configurations are characterized in our coordinates by constant values of the θ and φ angles. For these cases the angular velocity vector Ω is the null vector, and the conservation equations of moment and energy, (21) and (27) respectively, become
and
Note that the potential function V becomes equal to a constant divided by coordinate R. These equations are identical to similar equations obtained for the Euler and Lagrange central configurations of the Three-Body problem [13] . They are formally the same as the equations for the conics in the Two-Body problem in terms of the radius R and the true anomaly ψ.
The constant values of the angles θ and φ referred to above are not arbitrary but they are determined by the two equations of motion (23) and (24)
These two equations are equivalent to the equations for central configurations that are presented generally as Moulton did [2] , written in terms of our notation as the four equations
where λ is the same parameter for the four equations. Using that the sum over the index i is zero on both sides of this equation because the origin of coordinates is the center of mass, it follows that only three of them are independent. Canceling λ one has only two independent The ellipses are labeled with the numerical value of the corresponding masses, eccentricity was chosen 0.7 to enhance the elliptic shape. The particular permutation from the table of central configurations is chosen disregarding the cases where one ellipse is very small, and the cases when two ellipses are very same equal, as is deduced from the values of the tabulated coordinates r i . The center of mass is at the common focus, at the intersection of the two straight lines.
equations. The two independent equations are obtained from equation (18) by taking the derivative of both sides with respect to θ and φ
Substitution of equation (31) in these equations lead to the equivalent conditions (30). In order to compute four body collinear configurations one uses those conditions (30) by defining the two 4-vectors s i = (∂r i /∂θ) and sin θ t i = (∂r i /∂φ)
(33) The two conditions to obtain the central configurations are therefore
Which are two equations to determine the two angles θ and φ.
Starting from an initial value for the two angles in the interior of the spherical triangle allowed by the order of masses in the line, we iterate looking for the root of one angle assuming the given value for the other alternatively in the two previous conditions and then one iterates until desired convergence.
Choosing the values of the masses as m 1 = 20, m 2 = 13, m 3 = 7, m 4 = 6, I have been able to compute the twelve different central configurations which are grouped in the table and represented his position in the hemisphere of angles θ, φ by its stereographic projection in the figure 2.
The four particles moving in a central configuration is illustrated by the last figure. The four masses move in similar conics that in figure 3 were selected ellipses of eccentricity 0.7. The orbits of the ellipses comes from integration of equations (28) and (29) as
where ǫ is the eccentricity and a is the major semi-axis of the ellipse. The constant of integration ψ 0 measure the orientation of the orbits, and in figure 3 was chosen equal to 2π/5. The explicit coordinates for the four orbits were computed as function of ψ from x 1 x 2 x 3 x 4 y 1 y 2 y 3 y 4 = a(1 − ǫ 2 ) 1 − ǫ cos(ψ − ψ 0 ) cos ψ sin ψ (r 1 r 2 r 3 r 4 ) .
(36) The orbits are scaled from the ellipse R, ψ by the four coordinates r i of the central configuration tabulated for the particular permutation 13, 7, 20, 6. 
